Abstract. Let X be a complete smooth variety defined over number field K and i ∈ [0, 2 dim X] an integer. The absolute Galois group Gal K of K acts on H í et (XK, Q ℓ ) for all ℓ and we obtain a system of ℓ-adic representations {Φ ℓ } ℓ . Denote by G ℓ the monodromy group of Φ ℓ for all ℓ. Conjectures of Grothendieck, Tate, and Mumford-Tate predict that the identity components of these monodromy groups admit a common Q-form (the Mumford-Tate group) if X is in addition projective. Assume {Φ ℓ } ℓ is semisimple and satisfies Hypothesis A, we prove the existence of an Q-reductive group G Q such that G
Introduction
Let X be a complete, smooth variety defined over a number field K and i an integer belonging to [0, 2 dim X]. The absolute Galois group Gal K := Gal(K/K) acts on the ith ℓ-adicétale cohomology group V ℓ := H í et (XK, Q ℓ ) for every ordinary prime ℓ. We obtain by Deligne [De74] a strictly compatible system of ℓ-adic representations (1) {Φ ℓ : Gal K → GL(V ℓ )} ℓ in the sense of Serre [Se98] . The algebraic monodromy group at ℓ denoted by G ℓ , is the Zariski closure of ℓ-adic Galois image Γ ℓ := Φ ℓ (Gal K ) in GL V ℓ . For simplicity, we assume our monodromy groups are all connected by choosing a large enough K [Se84, §2.2.3].
Choose an embedding K ֒→ C. If X is projective, then X C := X × C is a compact Kähler manifold and the singular cohomology group V := H i (X C , Q) is a Q-vector space with a Hodge structure. Denote the Mumford-Tate group of V by MT(V ), which is a connected reductive subgroup of GL V . Conjectures of Grothendieck, Tate, and Mumford-Tate 1 imply the conjecture that (2) G ℓ ∼ = MT(V ) × Q Q ℓ via the comparison isomorphism between V ℓ and V ⊗ Q Q ℓ for all ℓ (see [Se94, §3] ). This is equivalent to say that the inclusion MT(V ) ⊂ GL V is a Q-form of G ℓ ⊂ GL V ℓ for all ℓ. It follows easily that representation Φ ℓ is semisimple (or equivalently, G ℓ is reductive) for all ℓ and the absolute root datum of G ℓ (i.e., the root datum of G ℓ × Q ℓQ ℓ [Sp79, §2] ) is independent of ℓ. Assume system (1) is semisimple, i.e., representation Φ ℓ is semisimple for all ℓ. Embed Q ℓ in C and let g ℓ be the Lie algebra of G ℓ × Q ℓ C for all ℓ. Representation Φ ℓ and monodromy group G ℓ are said to be of type A if every simple factor of g ℓ is equal to A n := sl n+1,C for some n. This definition is independent of the choice of embedding Q ℓ ֒→ C and is equivalent to the one we gave in [HL14a] . Type A representations provide supporting evidence for (2). For example, we showed in [HL14a] that for all sufficiently large ℓ, G ℓ is quasi-split if G ℓ is of type A. Also, it follows from the the main theorems of [Hu13] that complex reductive Lie algebra g ℓ is independent of ℓ if the following hypothesis is satisfied (see §2.4).
Hypothesis A. There exists some prime ℓ 0 such that every simple factor of g ℓ 0 is A n for n ∈ N\{1, 2, 3, 5, 7, 8} and g ℓ 0 has at most one A 4 factor. This paper is motivated by the conjectural isomorphism in (2) for all ℓ. Assume semisimplicity and Hypothesis A, the main theorem below states that there exists a common Q-form of monodromy group G ℓ for all sufficiently large ℓ. Theorem 1.1. Suppose system (1) is semisimple (or alternately, semisimplify Φ ℓ for all ℓ) and satisfies Hypothesis A. Then there exists a connected reductive group G Q defined over Q such that for all ℓ sufficiently large 2 :
1 Faltings has proved the semisimplicity and the Tate conjecture for Galois representations {Φ ℓ } ℓ on ℓ-adic Tate modules of abelian varieties; the Mumford-Tate conjecture for abelian varieties has been studied by Serre, Ribet, Tankeev, Chi, Larsen-Pink and many others.
2 Monodromy group G ℓ is an inner twist of G Q × Q Q ℓ for all ℓ.
Definition 1. Let G be a connected reductive group defined over field F and Γ a subgroup of G(F ). Denote by G ad the adjoint quotient of G and by Γ ad the image of Γ under the natural morphism π ad : G → G ad .
Denote by G der the derived group of G, by G sc the universal covering of G der , by π sc the natural morphism π sc : G sc → G der ,
and by Γ sc the pre-image of Γ ad under π ad • π sc .
Corollary 1.2. Suppose {Φ ℓ } ℓ satisfies Hypothesis A. Let G sc be any semisimple group scheme over Z[1/N] (some N) whose generic fiber is G sc Q (G Q in Theorem 1.1). For all sufficiently large ℓ, we have Γ
Corollary 1.2 can be applied to the study of mod ℓ Galois images. For any finite group Γ, simple Lie type g (e.g., A n , B n , C n , D n , E 6 ,...), and prime ℓ ≥ 5, we defined in [Hu14, HL14a] (see §2.5) g-type ℓ-rank rk We studied mod ℓ Galois imageΓ ℓ := φ ℓ (Gal K ) arising frométale cohomology 3 for all sufficiently large ℓ in [Hu14] and showed that rk An ℓΓ ℓ , the A n -type ℓ-rank ofΓ ℓ is independent of ℓ ≫ 1 if n ∈ N\{1, 2, 3, 4, 5, 7, 8} (see §2.5). However, A n -type ℓ-rank cannot distinguish between Chevalley group A n (ℓ f ) and Steinberg group 2 A n (ℓ 2f ) for n ≥ 2 since their A n -type ℓ-ranks are both f n. For example, suppose A 6 is the only simple factor of g ℓ 0 , thenΓ ℓ has only one composition factor of Lie type of characteristic ℓ for ℓ ≫ 1, which is either Chevalley group A 6 (ℓ) or Steinberg group 2 A 6 (ℓ 2 ). One cannot tell which one occurs for large ℓ from the results in [Hu14] . Nevertheless, Corollary 1.2 provides a precise description of the composition factors of Lie type of characteristic ℓ ofΓ ℓ for ℓ ≫ 1 if Hypothesis A is satisfied.
Definition 2. For any prime ℓ ≥ 5 and finite groupΓ, denote by Lie ℓΓ the multiset of composition factors of Lie type of characteristic ℓ ofΓ. Corollary 1.3. Suppose {Φ ℓ } ℓ satisfies Hypothesis A. Let G der be any semisimple group scheme over Z[1/N] (some N) whose generic fiber is G der Q (G Q in Theorem 1.1). For all sufficiently large ℓ, we have
Remark 1.4. For the A 6 case discussed above, Corollary 1.3 implies (by studying the Gal Q action on the Dynkin diagram of G der Q ) either Chevalley group A 6 (ℓ) occurs for ℓ ≫ 1 or there is a quadratic extension F of Q such that for ℓ ≫ 1, Chevalley group A 6 (ℓ) occurs for ℓ that splits completely and Steinberg group 2 A 6 (ℓ 2 ) occurs for ℓ that is inert. Such congruence for ℓ ≫ 1 is useful to inverse Galois problem.
Let us sketch the proof of Theorem 1.1. For any connected reductive subgroup G of GL k,F , we introduce the notion of formal bi-character of G in Definition 5. Identify monodromy group G ℓ as connected reductive subgroup of GL k,Q ℓ for all ℓ. Then the method in [Hu13, §3] shows that the formal bi-character of G ℓ × Q ℓ C ⊂ GL k,C (for any embedding Q ℓ ֒→ C) is independent of ℓ (Theorem 2.6). By combining the method of Serre's Frobenius tori ( §2.3), one can pick for each large ℓ a formal bi-character of G ℓ such that these formal bicharacters admit a common Q-form (Theorem 2.7). Under Hypothesis A, the invariance of formal bi-character of G ℓ × Q ℓ C together with root computations in [Hu13, Proposition 2.11, §2.13] imply the root datum of G ℓ × Q ℓ C and the similarity class of G ℓ × Q ℓ C in GL k,C are both independent of ℓ (Theorem 3.6, Corollary 3.7). We know also that G ℓ is quasi-split for ℓ ≫ 1 by Hypothesis A and the main theorem of [HL14a] . The techniques on forms and representations of reductive groups that are essential to the proof of Theorem 1.1 are reviewed in §4. By exploiting these techniques and all the ℓ-independence results above, we prove the existence of a common Q-form G Q for {G ℓ } ℓ≫1 in §5.
2. Some results of ℓ-adic representations 2.1. Strictly compatible system. Let k be a positive integer, K a number field, andK an algebraic closure of K. Denote by Gal K the absolute Galois group of K and by Σ K and ΣK respectively the set of non-Archimedean valuations of K andK. For each prime number ℓ, let Φ ℓ be a k-dimensional, continuous ℓ-adic representation of K:
For v ∈ Σ K , letv ∈ ΣK divide v. Denote by Dv and Iv respectively the decomposition subgroup and inertia subgroup of Gal K atv. Since Dv/Iv ∼ =Ẑ, denote by Frobv ∈ Dv/Iv the element corresponding to 1 ∈Ẑ and call it a Frobenius element. Supposev andv ′ both divide v ∈ Σ K . Then the two pairs Iv ⊂ Dv and Iv′ ⊂ Dv′ of closed subgroups are conjugate in Gal K . Representation Φ ℓ is said to be unramified at v if Φ ℓ (Iv) is trivial for somev dividing v. In this case, it makes sense to define the image of Frobenius element Φ ℓ (Frobv).
Definition 3. System of ℓ-adic representations {Φ ℓ } ℓ is said to be strictly compatible if the following conditions are satisfied:
(i) There is a finite subset S ⊂ Σ K such that Φ ℓ is unramified outside S ℓ := S ∪ {v ∈ Σ K : v|ℓ} for all ℓ; (ii) For all primes ℓ 1 = ℓ 2 andv ∈ ΣK dividing v ∈ Σ K \(S ℓ 1 ∪ S ℓ 2 ), the characteristic polynomials of Φ ℓ 1 (Frobv) and Φ ℓ 2 (Frobv) are equal to some polynomial
depending only on v. 2.2. Formal character and bi-character. Let F be a field and G a connected reductive subgroup of GL k,F . Since G is connected, the derived subgroup G der is semisimple.
Definition 4. Let T be a maximal torus of G. Then the natural inclusion T ⊂ GL k,F is said to be a formal character of G ⊂ GL k,F (or of G for simplicity). Two formal characters T 1 ⊂ GL k,F and T 2 ⊂ GL k,F of respectively connected reductive subgroups G 1 and G 2 of GL k,F are isomorphic if T 1 and T 2 are conjugate in GL k,F (i.e., conjugate by an element of GL k (F )).
Definition 5. Let T be a maximal torus of G and T ss := (T ∩ G der )
• a maximal torus of G der . Then the chain T ss ⊂ T ⊂ GL k,F is said to be a formal bi-character of G ⊂ GL k,F (or of G for simplicity). Two formal bi-characters T ss 1 ⊂ T 1 ⊂ GL k,F and T ss 2 ⊂ T 2 ⊂ GL k,F of respectively connected reductive subgroups G 1 and G 2 of GL k,F are isomorphic if the two pairs T ss 1 ⊂ T 1 and T ss 2 ⊂ T 2 are conjugate in GL k,F . Remark 2.1. If F is algebraically closed, then all formal characters (formal bi-characters) of G ⊂ GL k,F are isomorphic since all maximal tori are conjugate.
2.3. Frobenius tori. Let {Φ ℓ } ℓ be a semisimple, k-dimensional, strictly compatible system of ℓ-adic representations. Denote by Γ ℓ the image of Φ ℓ and by G ℓ the algebraic monodromy group at ℓ, i.e., the Zariski closure of Γ ℓ in GL k,Q ℓ . Assume we have chosen K large enough, then G ℓ is a connected reductive subgroup of GL k,Q ℓ for all ℓ. Since Φ ℓ is unramified outside S ℓ (Definition 3), the image of Frobenius elements
is dense in Galois image Γ ℓ by Cheboterav's density theorem. F ℓ is also dense in G ℓ by definition of G ℓ . Definition 6, Theorem 2.2 and its corollaries below are due to Serre [Se81] .
Definition 6. For eachv divides v / ∈ S ℓ , Frobenius torus Hv ,ℓ is defined as the identity component of the smallest algebraic subgroup of G ℓ containing the semisimple part of Φ ℓ (Frobv). belongs to a finite subset of Q that is independent ofv. Then there exists a Zariski closed proper subvariety Y of G ℓ such that Hv ,ℓ is a maximal torus of G ℓ whenever Φ ℓ (Frobv) ∈ G ℓ \Y.
Since Frobenius tori Hv ,ℓ and Hv′ ,ℓ are conjugate wheneverv| K = v =v ′ | K , the following corollary follows directly. 
Corollary 2.4. The formal character of G ℓ × Q ℓ C ⊂ GL k,C (Definition 4) is independent of ℓ. In particular, the rank of G ℓ is independent of ℓ.
Proof. For all distinct primes ℓ and ℓ ′ , there existsv such that Hv ,ℓ × Q ℓ C and Hv ,ℓ ′ × Q ℓ C are respectively maximal tori of G ℓ × Q ℓ C and G ℓ ′ × Q ℓ C by Corollary 2.3. Since Hv ,ℓ × Q ℓ C and Hv ,ℓ ′ × Q ℓ C only depend on the eigenvalues of P v (x) (Definition 3(ii)), they are conjugate in GL k,C . Therefore, The formal character of G ℓ × Q ℓ C ⊂ GL k,C is independent of ℓ by Remark 2.1. Since the rank of G ℓ is defined as the dimension of any maximal torus, it is independent of ℓ.
Corollary 2.5. There exist Q-subtorus T Q of GL k,Q and formal character T ℓ ⊂ GL k,Q ℓ of monodromy group G ℓ for all sufficiently large ℓ such that
Proof. By Corollary 2.4, there exists v / ∈ S (Definition 3(i)) such that T ℓ := Hv ,ℓ is a maximal torus of G ℓ for all sufficiently large ℓ. Let A v ∈ GL k (Q) be a semisimple matrix with characteristic polynomial P v (x) (Definition 3(ii)). Then A v is conjugate in GL k (Q ℓ ) to the semisimple part of Φ ℓ (Frobv) for all sufficiently large ℓ. Hence, if we denote by T Q the identity component of the smallest algebraic subgroup of GL k,Q containing A v , then
2.4. ℓ-independence of ℓ-adic images. We follow the terminology in §2.3. Let i : S m → GL m,Q be a faithful representation of some Serre group S m of number field K. Then attached to this morphism is a strictly compatible system of abelian, semisimple, ℓ-adic representations
Consider direct sum of two strictly compatible systems:
Define p 1 : GL k × GL m → GL k and p 2 : GL k × GL m → GL m to be projections to the first and second factor. Let G ′ ℓ ⊂ GL k,Q ℓ × GL m,Q ℓ be the monodromy group at ℓ (assume it is connected for all ℓ by taking a finite extension of K) and T ′ ℓ be a maximal torus of
In particular, the semisimple rank of G ℓ is independent of ℓ.
By combining all the results of this subsection, we obtain the following theorem for system (1).
Theorem 2.7. Let {Φ ℓ } ℓ be system (1). Suppose Φ ℓ is semisimple and monodromy group G ℓ is connected for all ℓ. There exist Q-subtori T ss Q ⊂ T Q of GL k,Q and formal bi-character
Since {Φ ℓ } ℓ and {Θ ℓ } ℓ are both strictly compatible, there exists a formal character
Since the formal character of G der ℓ × Q ℓ C ⊂ GL k,C is independent of ℓ (Theorem 2.6), we obtained the following ℓ-independence result by representation theory of complex semisimple Lie algebra.
Theorem 2.8. [Hu13, Theorem 3.21] Let g ℓ be the Lie algebra of G ℓ × Q ℓ C. Then the number of A n factors of g ℓ and the parity of A 4 factors are independent of ℓ if n ∈ N\{1, 2, 3, 4, 5, 7, 8}.
Corollary 2.9. Suppose Hypothesis A holds, then the complex reductive Lie algebra g ℓ is independent of ℓ.
Proof. By Corollary 2.4 and Theorem 2.6, the semisimple rank and the dimension of the center of g ℓ are both independent of ℓ. The corollary follows from Theorem 2.8.
2.5. ℓ-independence of mod ℓ images. Let ℓ ≥ 5 be prime and g a Lie type (e.g., A n , B n , C n , D n , ...). We define the g-type ℓ-rank function, rk g ℓ , and the total ℓ-rank function, rk ℓ , on finite groups. The dimension of an algebraic group G/F as an F -variety is denoted dim G. LetΓ be a finite simple group of Lie type of characteristic ℓ. Then there exists some adjoint simple groupḠ/F ℓ f so thatΓ
the derived group of the group of F ℓ f -rational points ofḠ. By base change toF ℓ , we obtain
whereH is anF ℓ -adjoint simple group of some Lie type h. We then set the g-type ℓ-rank of Γ to be For simple groups which are not of Lie type in characteristic ℓ, we define the ℓ-dimension and g-type ℓ-rank to be zero. We extend the definitions to arbitrary finite groups by defining the g-type ℓ-rank and total ℓ-rank of any finite group to be the sum of the ranks of its composition factors. This definition makes it clear that rk g ℓ and rk ℓ are additive on short exact sequences of groups. In particular, the g-type ℓ-rank and the total ℓ-rank of every solvable finite group are zero.
Given a strictly compatible system {Φ ℓ } ℓ , the Galois image Γ ℓ is a compact subgroup of GL k (Q ℓ ) and which fixes some Z ℓ -lattice of Q k ℓ for all ℓ. By some change of coordinates, we obtain for each ℓ a unique semisimple mod ℓ representation
by reduction mod ℓ and semisimplification (Brauer-Nesbitt [CR88, Theorem 30.16]). We then say mod ℓ system {φ ℓ } ℓ arises from ℓ-adic system {Φ ℓ } ℓ .
Theorem 2.10. [Hu14, Theorem A, Corollary B] Let {φ ℓ } ℓ∈P be a system of mod ℓ representations arising from system (1) and suppose monodromy group G ℓ is connected and reductive for all ℓ. Denote the image of φ ℓ byΓ ℓ , then the following hold for ℓ ≫ 1 :
(i) The total ℓ-rank rk ℓΓℓ ofΓ ℓ is equal to the rank of G der ℓ and is therefore independent of ℓ.
(ii) The A n -type ℓ-rank rk An ℓΓ ℓ ofΓ ℓ for n ∈ N\{1, 2, 3, 4, 5, 7, 8} and the parity of (rk
ℓΓ ℓ )/4 are independent of ℓ. 2.6. Maximality of Galois images. Recall Φ ℓ is said to be of type A if every simple factor of g ℓ is of type A n and subgroup Γ sc ℓ ⊂ G sc ℓ (Q ℓ ) in Definition 1. We studied maximality of Galois image Γ ℓ inside ℓ-adic Lie group G ℓ (Q ℓ ) in [HL14a] assuming G ℓ is of type A. Proof. For all sufficiently large ℓ, G sc ℓ is unramified over Q ℓ by Theorem 2.11 and G ℓ splits after an unramified extension by Corollary 2.5. Since π
is an Q ℓ -isogeny and the center of G ℓ is defined over Q ℓ , G ℓ is unramified for ℓ ≫ 1.
Remark 2.13. If X is an abelian variety, then the conclusions of Theorem 2.11 hold without any type A assumption on G ℓ [HL14b] .
3. Absolute root datum and similarity class of G ℓ Let {Φ ℓ } ℓ be system (1) and suppose monodromy group G ℓ is a connected reductive subgroup of GL k,Q ℓ for all ℓ. Embed Q ℓ in C for all ℓ, then G ℓ × Q ℓ C is a subgroup of GL k,C for all ℓ. Then the formal bi-character of G ℓ × Q ℓ C is independent of ℓ by Theorem 2.6. If G ℓ × Q ℓ C is semisimple and the tautological representation on C k is irreducible for all ℓ, then the formal bi-character is indeed the formal character and in a lot of cases, the invariance of formal character implies that the similarity class of G ℓ × Q ℓ C in GL k,C is independent of ℓ [LP90, Theorem 4], i.e., G ℓ × Q ℓ C and G ℓ ′ × Q ℓ C are conjugate in GL k,C for all primes ℓ and ℓ ′ . The purpose of this section is to prove that if Hypothesis A holds, then the formal bi-character of G ℓ × Q ℓ C determines the root datum (Theorem 3.6) and the similarity class of
, where X and X ∨ are free abelian groups of finite type, in duality by a pairing X × X ∨ → Z denoted by , , R and R ∨ are finite subsets of X and X ∨ and there is a bijection α → α ∨ of R onto R ∨ . If α ∈ R define endomorphisms s α and s α ∨ of X, X ∨ , respectively, by
Then the following two axioms are imposed:
is also a root datum, called the dual of Ψ.
(a) f is injective and Imf has finite index in X, (b) f induces a bijection of R ′ onto R and its transpose
Let F be a field withF its algebraic closure. To each pair (G sp , T sp ) where G sp is a connected split reductive group defined over F and T sp is a split maximal torus of G sp , one associates to it a root datum Ψ = ψ(G sp ,
Denote by X the character group of T sp and by X ∨ the cocharacter group of T sp . They are free abelian groups of same rank equal to the dimension of T sp and admit a natural pairing , : if x ∈ X and u ∈ X ∨ , then x(u(t)) = t x,u for t ∈F * . Take R to be the roots of G sp (the characters of the adjoint representation of G sp ) with respect to T sp . For α ∈ R, let T 
Remark 3.3. If F =F , then connected reductive G over F as well as its maximal tori split.
Let ℓ and ℓ ′ be two distinct prime numbers. Identify G ℓ × Q ℓ C and G ℓ ′ × Q ℓ C as connected reductive subgroups of GL k,C . By Theorem 2.6, we may assume complex subtori ∨ . Therefore, the root data (X ss , R| T ss It remains to prove that R ∨ = (R ′ ) ∨ . For any complex Lie groups homomorphism φ, denote by dφ the differential of φ at identity. Let α ∈ R| T ss
∨ the elements corresponding to α in Definition 7. Then 
where θ and || · || (θ ′ and || · || ′ ) denote the angle between dα and dβ and the length under inner product ( , ) (inner product ( , ) ′ ). Let V R be the R-span of roots {dβ} in t * . Then ||dα|| ′ if dα and dβ belong to the same irreducible subsystem. We conclude that β, α
Theorem 3.6. If Hypothesis A is satisfied, then R = R ′ . Therefore, the root data Ψ = (X, R, (X) ∨ , R ∨ ) and
Proof. By Remark 3.4 and Proposition 3.5, the coroots of Ψ and Ψ ′ are the same, i.e., R ∨ = (R ′ ) ∨ . It suffices to prove R = R ′ . Let X R = X⊗ Z R. The formal character T C ⊂ GL k,C corresponds to a finite subset S of X which spans X R . The subgroup G S of GL(X R ) that preserves S is finite and contains the Weyl groups W and W ′ of respectively (G ℓ × Q ℓ C, T C ) and (G ℓ ′ × Q ℓ C, T C ). By Weyl's unitarian trick, there exists a positive definite inner product ( , ) on X R such that G S is orthogonal. Denote by V R and V ′ R the R-spans of R and R ′ in X R . Denote by U R the R-span of the characters of X that annihilate T ss C . We obtain (6)
, and the action of
⊥ by (6). Hence, the following equations
for all α ∈ X. Since the images of coroots generate T ss C , we obtain (8)
) is a bijection and R| T ss
by Proposition 3.5. Let α ∈ R and α ′ ∈ R ′ be two roots such that α| T ss
∨ . Therefore, we obtain α = α ′ by (7) and (8), which implies R = R ′ .
Corollary 3.7. If Hypothesis A is satisfied, then complex reductive subgroups G ℓ × Q ℓ C and
Proof. Since the root data Ψ and Ψ ′ are equal, this defines an isomorphism f : Ψ ′ → Ψ of root data. By Theorem 3.2(ii), there exists an isomorphism φ : 
The images ρ 1 (G) ∼ = SL 2,C and ρ 2 (G) ∼ = PSL 2,C viewed as subgroups of GL 8,C have the same formal character (bi-character)
but they are not similar in GL 8,C (not even isomorphic). 
Forms and representations of reductive groups
Group AutF G sp admits a short exact sequence of Gal F -groups
where InnF G sp , the inner automorphism group is naturally isomorphic to the group ofFpoints of G ad := G sp /C the adjoint quotient of G sp and OutF G sp , the outer automorphism group is the automorphism group of the root datum of G sp , which is acted trivially by Gal F because G sp is split. Proof. Let ∆ be the set of simple roots with respect to (T sp , B). Let U α be the root subgroup for α ∈ ∆ (Chevalley construction). It is isomorphic to the F -affine line. Choose u α ∈ U α (F )\{0} for all α ∈ ∆. Then the elements of AutF G sp that leave T sp , B, and {u α } α∈∆ invariant form a Gal F -invariant subgroup that maps isomorphically onto OutF G sp by (9) and [Sp79, Proposition 2.13, Corollary 2.14].
We then obtain a split short exact sequence of pointed set by Galois cohomology [Se97] 
The elements of H 1 (F, AutF G sp ) are in bijective correspondence with F -forms of
Two forms G ′ and G ′′ that map to the same image in
The following result is well-known (see for example [CF65, Chapter X §2]). We supply a proof that we learnt from [Gi08, Proposition 29.4]. 
Since B(F ) is invariant under σ and c ′ σ for all σ ∈ Gal F , G ′ has a Borel subgroup defined over F . Hence, the quasi-split F -forms of G sp surject onto H 1 (F, OutF G sp ). Let G ′ and G ′′ be two quasi-split F -forms of G sp that map to the image via π. They are differed by an inner twist [
′′ be respectively pairs of a F -maximal torus in a F -Borel subgroup of G ′ and G ′′ . Let C ′ be the center of G ′ and ∆ ′ the simple roots of G ′ with respect to (T ′ , B ′ ). We may assume c σ ∈ T ′ /C ′ for all σ ∈ Gal F [Sp79, Proposition 2.5(ii)]. Since Gal F permutes ∆ ′ which is a basis of characters of T ′ /C ′ , torus T ′ /C ′ is a direct sum of induced tori, i.e., there exist finite separable extensions
By Shapiro's lemma and Hilbert's Theorem 90, H 1 (F, T ′ /C ′ ) = 0. Therefore, G ′ and G
′′
are F -isomorphic and we conclude that the quasi-split F -forms of G sp map bijectively onto
Let AutF ,T sp G sp be the subgroup of AutF G sp that preserves T sp . Denote by AutF T sp the automorphism group of T sp × FF .
Remark 4.4. The elements of H 1 (F, AutF ,T sp G sp ) are in bijective correspondence with Fforms of (G sp , T sp ), i.e., F -reductive group G together with an F -maximal torus T such that after extending scalars toF , there exists anF -isomorphism taking T sp × FF onto T × FF :
The isomorphism class of (G, T) is then represented by
4.2. Representations. Let G be a connected reductive group over F . Let T be a maximal F -torus and B a Borel subgroup of G containing T. Recall W is the Weyl group with respect to T. Denote by X the character group of T. Elements of X are called weights. Denote by X + ⊂ X the cone of dominant weights with respect to B. Galois group Gal F acts on X naturally and on X + as follows:
where σλ is the natural Galois action on weight λ and w ∈ W is the unique element such that w(σλ) ∈ X + . Denote by X Proof. The character of F ρ λ is invariant under Gal F . Since the action of Gal F on X factors through a finite quotient and normalizes Weyl group action, we may assume Gal F and W are isometries on X ⊗ Z R for some Euclidean metric. Thus, the Gal F -orbit of λ consisting of exactly [F λ : F ] elements are dominant weights of irreducible subrepresentations of Decompose ρ and ρ ′ for some λ i , λ ′ j ∈ X + , i ∈ I, j ∈ J by Theorem 4.6(ii):
Suppose Gal F and W are isometries on X ⊗ Z R for some Euclidean metric as above. Pick λ i that is the farthest away from the origin for all i ∈ I. Then λ i is dominant and is a weight of some
by the hypothesis of (ii). By part (i) and Theorem 4.6(iii),
We then obtain (ii) by an induction argument.
For part (iii), let λ ∈ X + be a weight of ρ that is the farthest away from the origin. Then λ is the dominant weight of some subrepresentation of ρ. The dominant weights of F ρ λ are dominant weights of ρ by (i) and the invariance of the character of ρ. Therefore, F ρ λ × FF is a subrepresentation of ρ. By induction, ρ descends to an F -representation which is unique by (ii).
Proofs of main results
This section is devoted to the proofs of Theorem 1.1 and Corollary 1.3. The proof of Theorem 1.1 consists of several ingredients which are established separately.
Lemma 5.1. Let G be a connected reductive group overQ. Then there is a bijective correspondence from the equivalent classes of finite dimensionalQ-representations of G to the equivalent classes of finite dimensional C-representations of G ×Q C given by base change i :Q → C.
Proof. Since the representations of G and G ×Q C are both semisimple, it suffices to show that the correspondence between the irreducible ones is bijective. Given an irreducible representation ρ : G → GL n,Q , then the commutant of ρ(G) in End n,Q is 1-dimensional. Thus, the commutant of ρ(G) ×Q C in End n,C is also 1-dimensional. This implies the base change ρ C := (ρ : G → GL n,Q ) ×Q C of ρ is also irreducible. Let T be a maximal torus of G and B a Borel subgroup of G containing T. Since base change i induces an isomorphism between XQ and X C (the character groups of T and T ×Q C) and bijective correspondence between dominant weights X + Q and X + C (with respect to Borels B and B ×Q C), we are done by GalQ = {1} = Gal C and Theorem 4.6.
Lemma 5.2. Let F ⊂ C be two algebraically closed fields and G, G ′ ⊂ GL k,F two connected reductive subgroups over
and maximal tori of a reductive group over algebraically closed field are all conjugate, there exists A ∈ GL k (C) such that
Denote by Ψ and Ψ ′ (Ψ C and Ψ ′ C ) the root data of respectively (G, T) and (
, we obtain by (17) an isomorphism of root data Ψ ∼ = Ψ ′ that takes S to S ′ which gives an isomorphism φ : G → G ′ (Theorem 3.2(ii)) such that the standard representation G ⊂ GL k,F and the
. Therefore, the images G and G ′ are conjugate in GL k,F .
Let T ss Q ⊂ T Q ⊂ GL k,Q be the subtori in Theorem 2.7. Then we may assume
are defined over Q and we obtain split subtori (diagonal)
which induce two inclusions:
where the first one is actually an isomorphism by Theorem 3.2(ii). Hence, the second one is also an isomorphism by the isomorphism of outer automorphism groups, the isomorphism of Weyl groups, and the exactness of the bottom row of diagram (13). These inclusions and isomorphisms comprise hv, which is compatible with fv because (21) is compatible with fv.
We haveQ-isomorphism φ M :
For all sufficiently large ℓ andv as above, Mv := iv(M) belongs to GL k (Q ℓ ) and we obtainQ ℓ -isomorphism φ Mv :
The corollary below follows directly from (12) and Proposition 5.4.
be the cocycles whose cohomology classes respectively represent T Q and
Proposition 5.6. For all sufficiently large ℓ andv as above, there exists isomorphism
and cocycle (c Proof. It suffices to find an isomorphism φv such that the restriction of φv to T Q × QQℓ is φ Mv . By Proposition 5.3, there exists Pv ∈ GL k (Q ℓ ) such that
Since monodromy groups satisfy Hypothesis A, the root data of (φ
× Q ℓQ ℓ ) are identical by embeddingQ ℓ into C and applying Theorem 3.6. Let this root datum be Ψv. Then isomorphism φ Nv between the two pairs
such that the induced map f (Λv) on Ψv is equal to f (φ Nv ) −1 . Therefore, φv := Λv • φ Pv is the desired isomorphism. Theorem 1.1. Suppose system (1) is semisimple (or alternately, semisimplify Φ ℓ for all ℓ) and satisfies Hypothesis A. Then there exists a connected reductive group G Q defined over Q such that for all ℓ sufficiently large:
Proof. Let ΩQ (ΩQ ℓ ) be the group defined in Proposition 4.3 for (G
From now on assume prime ℓ is sufficiently large andv is a valuation ofQ extending the ℓ-adic valuation of Q. Then cocycle (cv ,σ ) in (22) Let prime ℓ ≥ 5, H ℓ a connected algebraic group defined over Q ℓ , and ∆ ℓ a compact subgroup of H ℓ (Q ℓ ). Then by embedding H ℓ into some GL n,Q ℓ and finding some Z ℓ -lattice of Q n ℓ invariant under ∆ ℓ , one obtains a finite subgroup∆ ℓ of GL n (F ℓ ) by taking mod ℓ reduction. Then Lie ℓ∆ℓ (Definition 2) is independent of embedding H ℓ ⊂ GL n,Q ℓ and mod ℓ reduction because the kernel of ∆ ℓ ։∆ ℓ is pro-solvable. This allows us to make the following definition.
Definition 11. For any prime ℓ ≥ 5 and compact subgroup ∆ ℓ of H ℓ (Q ℓ ), the composition factors of Lie type of characteristic ℓ of ∆ ℓ , denoted by Lie ℓ ∆ ℓ , is defined to be the multiset Lie ℓ∆ℓ (Definition 2), where finite group∆ ℓ is constructed above. We are done by (24) and (25).
